Abstract. We apply Cartan's method of equivalence to find a contact integrable extension for the structure equations of the symmetry pseudo-group of the fourdimensional Martínez Alonso -Shabat equation. From the extension we derive two differential coverings including coverings with one and two non-removable parameters. Then we apply the same approach to construct a recursion operator for symmetries of the equation under study.
Introduction
We consider the partial differential equation (pde) u ty = u z u xy − u y u xz (1) introduced by L. Martínez Alonso and A.B. Shabat in [12] . This equation has a number of important properties, see, e.g., [1, 17] . In this paper we apply the technique of [15] to find a contact integrable extension (cie) for the structure equations of the symmetry pseudo-group of (1). This cie produces two differential coverings, [8] , for equation (1) . In a particular case the first covering contains one non-removable parameter, while in the general case it has two such parameters. To the best of our knowledge there are no examples of coverings with two non-removable parameters in the literature. Then we use the approach of [16] to find a Bäcklund autotransformation for the tangent covering, [9, 10] , of (1) . This transformation provides a recursion operator for symmetries of (1).
Coverings of the 4D Martínez Alonso -Shabat equation
Using procedures of Cartan's method of equivalence, [2, 3, 19, 4, 13, 14] , we compute Maurer-Cartan forms (mcfs) and structure equations for the symmetry pseudo-group of equation (1) . The structure equations are given in Appendix. They contain the following mcfs:
where a = 0 is a parameter and
We need no explicit expressions for the other mcfs in what follows.
For the structure equations (17) we find cies, [15] , that have the form
where * denotes summation over all i, j ∈ N such that 1 ≤ i ≤ j ≤ 4 and (i, j) = (1, 3). The coefficients of (3) are supposed to be either constants or functions of one additional function X 0 with the differential of the form
We require compatibility of equations (17) and (3). This yields an over-determined system of algebraic or ordinary differential equations for the coefficients of (3) and (4) . The analysis of these systems gives the following result.
Theorem 1. The structure equations (17) have no cie (3) with constant coefficients. Each their cie (3), (4) with one additional function X 0 is contact-equivalent to the system
where Y 1 , Y 2 are arbitrary parameters. (5), (6) . Since the mcfs (2) are known explicitly, it is not hard to find the form ω 0 . The integration of (5), (6) depends on whether the conditions Y 1 ≡ 0 or Y 1 ≡ 0 hold. In the first case we have
where H = H(t, z) is a solution to equation
while in the case of
Corollary 1. Equation (1) has two coverings defined by systems
where H is a solution to equation (8) , and
Equation (8) has constant solutions H(t, z) ≡ λ = const. The parameter λ in the corresponding system
is non-removable. In accordance with [8, § §3.2, 3.6], [7, 5, 11] to prove this claim it is enough to show that it is impossible to lift the symmetry V = t
of equation (1) to a symmetry of system (10), while the action of exp (ln(λ) V ) on the form (7) with H = 1 gives (7) with H = λ.
When H ≡ const, the symmetries can not be lifted to symmetries of system (9). Then for each solution H(t, z) of (8) we have a two-parameter family of coverings
with non-removable parameters λ and µ. For example, solution H = t z −1 produces the covering
A recursion operator for symmetries of the 4D Martínez AlonsoShabat equation
The generators of infinitesimal symmetries, [22, 6, 18] , of equation (1) are solutions to the restriction of its linearization
on (1). Consider the associated to (11) equation
The structure equations of the symmetry pseudo-group of system (1), (12) include equations (17) and the involutive completion of equations
The involutive completion of (13) contains also equations for the differentials dη 32 , ... , dη 40 , but they are too big to be written in full here. The invariants X 1 , ... , X 7 in (13) have the following differentials:
The mcfs ζ 0 , ... , ζ 4 in (13) are
where v ty is replaced by the right-hand side of (12) .
The analysis of cies of system (17), (13) gives the following result.
Theorem 2. The structure equations (17), (13) have a cie
with one additional invariant X 8 , whose differential satisfies equation
with arbitrary parameters Y 3 , Y 4 . Applying the inverse third fundamental Lie theorem to system (14) , (15) (16) for system (1), (12) . Exclusion of v from (16) shows that w is also a solution to (12) . Therefore (16) is a Bäcklund auto-transformation of system (1), (12) . In other words system D t (ψ) = u 
